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We discuss brane wormhole solution when classical brane action contains 4d curvature. The equations of motion 
for the cases with R — and R ^ are obtained. Their numerical solutions corresponding to wormhole are found 
for specific boundary conditions. 



The wormhole is very important object in mod- 
ern cosmology. It is suggested that wormholes are 
bridges linking two distinct spacetimes, or handles be- 
tween remote parts of a single universe, see for exam- 
ple [1],[2],[3]. Wormhole is the solution of the Einstein 
equation if the stress-energy tensor of matter violates 
the null energy conditions (NEC) [3]. There are differ- 
ent ways of evading these violations. Most of these at- 
tempts focus on alternative gravity theories or existing 
of exotic matter [6] , [5] , [4] . We consider the wormholes 
in frames of brane worlds [7] . The brane world scenario 
assumes that our Universe is four-dimensional space- 
time, embedded in the 5D bulk spacetimes. According 
to this concept the 4d Einstein equations will be modi- 
fied if we use the Gauss and Codacci equations [8] . The 
purpose of this note is to construct brane wormholes 
in 5d space. 

Let gi^i, be the metric of the bulk space and is 
the unit vector normal to the 3-brane. Then metric 
induced on the brane has the form: 
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We start from action: 
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Here suffix (5) denotes the 5d quantities. The A is 5d 
cosmological constant and Sbraneil) is the action on 
the brane. The bulk Einstein equation is given by 



J_ ( r(5) _ la - T 



We assume the 5d metric to have the form 
ds'^ = d£_'^ + Qf^^dx^'dx" . 
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Then the 5d stress-energy tensor takes the following 
form 
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Here A is 4d cosmological constant and t^j, represents 
the contribution due to brane matter. 

In this case the brane Einstein equation can be rep- 
resented in the form 
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Here is the part of the 5d Weyl tensor defined by 
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and TT^i, is given by 
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Let us consider the brane action to be the following 
form 



Sbrane - / d^X^ (-ai?^^) (q) - 2A) 
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Here a is arbitrary parameter. In this case the brane 
equation is taken as following [9]: 
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Let us consider the static, spherically symmetric 
metric on the brane: 

ds^ = -e^-^(-)dt^ + e2°^('-)dr2 + 

r^ {d9^ + Sm^0 dip^). (9) 

The 4d curvature for metric (9) has the form 



~r^dl+ 



2rd2 + rdi(— 2 -|- rd2) — r^d^ . 
It is simple to find the 4d combination 
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If we consider the situation when R^^^^ = 0, one 
obtaine the equation: 



ai 



-1 + e^"^ - r^al + 2rd2 + rdi(-2 + rd2) 



Now we rewrite the Eq. (11) in the form: 
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Here hi = -l + e2a2_^2rd2, 62 = -1 + 6^"^ -2rdi . 
Since the Weyl tensor is traceless: 
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If A is zero and A is zero, we obtain the Schwarzschild 
metric, but this metric is Richi flat: 
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It is easy to see, that if A is zero, then A one should 
be positive. 

One can see, that the Ricchi tensor have the form: 
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The Eq. (11) can be rewritten in the form: 
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The classical Einstein equation in 4 dimensions is 
taken as following: 



Ral - ^R^^^Qaff = klT„f3, 



Or 



d(4) _ 1.2rp 



Hence the stress-energy tensor looks like: 
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In order to find the solution of the Eqs. (12-14) let 
us consider the following of 61 and 62 



&2 = r^e^^'Ur). 
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Figure 1: Evolution of the function /(r). 
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Figure 2: Evolution of the function /2(r).Here 
1, /? = 0.001. 



c = 



Then we obtain the equation on the function /i (r) 

and /2(r) 

l{h{rf+f2{r?) + h{r)h{r)=0^ (19) 

-2c + r + r^f2{rf - 2cr^f2{r) - 3cf{r) + rf{r) + 

/(r)[3 + 2r2/2(r)+3/(r)]- 

r-V2(r)[5c + 2r - 5/(r) + r/(r)] = 0, (20) 
l + /(r) 



/i(r-) = 



(21) 



Were c is the constant of integration and 0^ = {^-^ + ^ 

The Eqs. (19) and (20) can be solved numerically. 
The explicit numerical solution is given by figures 1 
and 2. 

If the condition ii = is not satisfied, then one 
obtains the equation: 

^fl-M^>W-2fA + M^ 
kl\ 6 J \ 6 

c^'kl ( J4>^^^"'^ - ^fi^^^') = 0. (22) 

As an example, we discuss the situation when ai = 
. In this case the equation (22) accepts the form: 

-a^ (e2«2 -l)kt + 2ae2«= (e^^^ - l) klXr^ + 
2e2«v2 (6 + e^"^ [-6 + kix\^+ 
6klAr^])+2r (a^ (e^"^ - l) fc|- 
^2e2a2^2 _^ 2ae'^""klXr'^) 0,2 - a'^k^r^dj = 0. 
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[9] Shin'ichi Nojiri, Sergei D. Odintsov, "Quantum ef- 
fects in five-dimensional brane-world: creation of 
deSitter branes and particles and stabilization of 
induced cosmological constant"; hep-th/0303011. 
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Figure 3: Evolution of the function 02 (r). All con- 
stants are equal to one. 

This equation can be solved numerically, as is drawn 
in figure 3. 

Note if the bulk space is (Anti) deSittcr (Wcyl ten- 
sor is zero), one can obtain the following solution which 
describe 4d universe with constant curvature: 



6 - aK^X ± V&V^ - 2a«|A - aaKfA 
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